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As an application of Roth’s theorem concerning the rational approximation of
algebraic numbers, a sufficiency condition is derived for a series of positive rational
terms to converge to a transcendental number. This condition is then used to obtain
similar sufficiency conditions that exist within the literature. In addition, as a con-
sequence of the sufficiency condition obtained we exhibit some transcendental
valued series involving generalised Fibonacci and Lucas numbers. © 2001 Elsevier
Science
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1. INTRODUCTION
There are a number of sufficient conditions known within the literature
for an infinite series, ;.n=1 1/an, of positive rationals to converge to an
irrational number (see [5, 6, 15, 16] and the references cited therein). These
conditions, which are quite varied in form, share one common feature,
namely, they all require rapid growth of the sequence {an} to deduce
irrationality of the series. As an illustration consider the following results
of Sa´ndor which have been taken from [16] and [17].
Theorem 1.1. Let {am}, m \ 1, be a sequence of positive integers such
that
lim sup
mQ.
am+1
a1a2 · · · am
=. and lim inf
mQ.
am+1
am
> 1.
Then the sum of the series ;.m=1 1/am is an irrational number. Alternatively,
if {am} and {bm} are a sequence of positive integers with bm | bm+1, bm Q.
and there exists a l > 2 such that blN ;m >N am/bm < 1, for infinitely many
N, then the sum of the series ;.m=1 am/bm (when convergent) is a transcen-
dental number.
The previous result, together with those in other papers of priority such
as [1, 2, 4, 9], all use indirectly the criterion for irrationality based on
diophantine approximations, to deduce their respective sufficiency condi-
tions for constructing irrational valued series. In a similar manner, the
author has employed in [14] a variation on the proof used to establish
Liouville’s theorem concerning the rational approximation of algebraic
numbers, to deduce explicit growth conditions for a positive rational
termed series ;.n=1 1/an to converge to a transcendental number. However,
this condition, which required that the lim infnQ. an+1/a
n
n > 1 is rather
strict and so it was later conjectured whether transcendence of the above
series could be deduced using a relaxed condition. In this paper we
demonstrate that such a condition can be derived as an application of the
following celebrated diophantine approximation theorem of Roth, which is
a refinement of the above mentioned theorem of Liouville.
Theorem 1.2. If a is an algebraic number of degree n \ 2 and if e is any
positive number, then the inequality
:a−p
q
: < 1
q2+e
has only finitely many solutions p ¥ Z, q ¥N with (p, q)=1.
In particular, it will be shown that a positive rational termed series
;.n=1 1/an will have a transcendental sum if for a fixed l > 2 the terms an
satisfy the condition
lim inf
nQ.
an+1
al+1n
> 1. (1)
Using the above condition in (1), one can easily find specific examples
within the family of series determined by (1). In particular, we prove, as a
direct corollary of the main result in Section 2 (see Theorem 2.1), the
transcendence of ;.n=1 1/Uf(n) and ;.n=1 1/Vf(n), where {Un} and {Vn} are
the generalised Fibonacci and Lucas sequences respectively and f( · ) a
predefined integer valued function. As a consequence, some further
examples of transcendental valued series will be exhibited which mirror
existing series within the literature that are known to be either irrational or
transcendental.
2. MAIN RESULT
To prove the main result of this paper we will first require a preliminary
lemma, which incidently shows that the first group of conditions in
Theorem 1.1 is implied by (1).
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Lemma 2.1. Suppose {am}
.
m=1 is a sequence of real numbers greater than
unity and such that for a fixed l > 2
lim inf
mQ.
am+1
al+1m
> 1.
If one defines bm=(a1a2 · · · am)l/am+1 then bm=o(1) as mQ..
Proof. By the above assumption there must exist a d > 0 such that for
all mŒ >N(d) say, amŒ+1/al+1mŒ \ (1+d). Choose a fixed integer p > N(d)
and for m > p consider b −m=(ap · · · am)
l/am+1. The result will follow upon
showing that b −m Q 0 as mQ.. To this end consider log(1/b −m). Now
log(1/b −m)=C
m
r=p
(log ar+1− log ar)+log ap−l C
m
r=p
log ar
=C
m
r=p
log 1 ar+1
al+1r
2+log ap
\ C
m
r=p
log 1 ar+1
al+1r
2 . (2)
However, since p > N(d) one has for each r=p, ..., m
log 1 ar+1
al+1r
2 \ log(1+d).
Consequently, from (2), we have log(1/b −m) \ (m−p+1) log(1+d)Q. as
mQ.. L
Using this lemma one can deduce the following result.
Theorem 2.1. Suppose {am}
.
m=1 is a sequence of integers greater than
unity and such that for a fixed l > 2
lim inf
mQ.
am+1
al+1m
> 1,
then the series ;.m=1 1/am converges to a transcendental number.
Proof. From the assumption it is clear that the series in question are
convergent. Denoting the series sum by h we will first demonstrate via
Roth’s theorem that h cannot be an algebraic number of degree greater
than or equal to two. Transcendence will then follow upon showing that h
in addition cannot be rational. To this end consider a sequence of rational
approximations pm/qm to h generated from the mth partial sums,
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expressed in reduced form. We first obtain an upper bound for
qlm |h−pm/qm |. Observe that since (pm, qm)=1 the lowest common
denominator of the m fractions in the set {1/an}
m
n=1 must be greater than
or equal to qm but, as a1a2 · · · am is one common denominator, we deduce
that qm [ a1 · · · am. Furthermore, from the assumption there must exist an
integer N1 > 0 such that, for n \N1,
an
an+1
<
1
aln
<
1
an
.
Consequently, for any m \N1 we obtain that
qlm :h−pmqm := C
.
n=m+1
qlm
an
[ (a1 · · · am)l C
.
n=m+1
1
an
=bm C
.
n=m+1
am+1
an
< bm 11+C.
r=1
am+r
am+r+1
2
< bm 11+C.
r=1
1
am+r
2
< bm(1+h), (3)
where bm=(a1 · · · am)l/am+1. Now, by Lemma 2.1, there must exist an
integer N2 > 0 such that bm < (1+h)−1 for m \N2. Hence for m \
max{N1, N2} the rational approximations pm/qm to h satisfy the inequality
:h−pm
qm
: < 1
qlm
and, as l > 2, we deduce from Theorem 1.2 that h is either transcendental
or rational. However, as |qmh−pm | < q
l
m |h−pm/qm |, we have from (3) and
Lemma 2.1 that |qmh−pm |=o(1) as mQ.. Thus via standard criterion for
irrationality, h cannot be rational and so the series sums to a transcendental
number. L
In the following we define a subseries of ;.n=1 un to be the series ;.n=1 vn
where {vn} is an infinite non-constant subsequence of {un}.
Corollary 2.1. Any subseries of the series ;.n=1 1/an where the terms
an ¥N0{0} satisfy (1) will have a transcendental sum.
Proof. Consider an arbitrary subseries ;.n=1 1/vn then by definition
there must exist a strictly monotone increasing function g: NQN such that
vn=ag(n). Clearly as g(n+1) \ g(n)+1 one has
vn+1
vl+1n
=
ag(n+1)
al+1g(n)
\
ag(n)+1
al+1g(n)
.
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Furthermore, as {g(n)}.n=1 constitutes a subsequence of {m}
.
m=1 and
lim inf
mQ.
am+1
al+1m
=min 3 lim
nQ.
amn+1
al+1mn
: mn Q.4
we can, from assumption, find a d > 0 such that limnQ. ag(n)+1/a
l+1
g(n) \ 1+d
where the limit may possibly be infinite. In any case there must exist an
integer m > 0 such that ag(n)+1/a
l+1
g(n) \ 1+d/2 say, for n \ m. Hence,
lim inf
nQ.
vn+1
vl+1n
\ 1+d/2 > 1,
and so by Theorem 2.1 the subseries has a transcendental sum. L
To conclude this section we quickly illustrate how the above result can
be used to provide a partial answer to a question of John Brillhart (see
[3, Problem 5]) in which sufficient conditions were sought on a sequence
nk ¥N such that the series of the form ;.k=1 1/n1n2 · · · nk would sum to a
transcendental number. Clearly, if we define ak=n1n2 · · · nk, then, by
Theorem 2.1, one such sufficient condition is that the lim infkQ. nk+1/
(n1n2 · · · nk)l−1 > 1 for a fixed l > 2.
3. SOME COMPARISONS
We examine now some immediate consequences of Theorem 2.1, which
show the similarity of our results with those of Sa´ndor, Erdo˝s and Straus,
who provided sufficient conditions for series to sum to irrational and
transcendental numbers. The following result is an easy consequence of the
main theorem and mirrors Theorem 1.1 of Sa´ndor.
Corollary 3.1. Let {am}
.
m=1 be a sequence of positive integers greater
than unity and such that, for a fixed l > 2,
cm=
am+1
(a1 · · · am)l+1
is strictly monotone increasing for all but finitely many m. Then the series
;.m=1 1/am converges to a transcendental number.
Proof. As the sequence {cm}
.
m=1 is eventually strictly monotone
increasing we have that cm−1 < cm, for m sufficiently large. Upon simplify-
ing this inequality, we find
am <
am+1
al+1m
,
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from which it is immediately apparent that am+1/a
l+1
m Q. as mQ..
Hence the condition of Theorem 2.1 is satisfied. L
Consider now the following results of Erdo˝s taken from [5] and Erdo˝s
and Straus taken from [7].
Theorem 3.1. Let a1 < a2 < · · · < am < · · · be a sequence of positive
integers such that
lim sup
mQ.
a1/2
m
m =. and am > m1+e,
for a number e > 0 and for every m > mo(e). Then the sum of the series
;.m=1 1/am is a transcendental number.
Theorem 3.2. If n1 < n2 < · · · < nk < · · · is a sequence of positive integers
such that
lim sup
kQ.
log(nk)
log(k)
=.,
then, for any integer t \ 2, the sum of the series ;.k=1 t−nk is a transcendental
number.
In connection with these results of Erdo˝s and Straus we now state two
further corollaries.
Corollary 3.2. Let {am}
.
m=1 be a sequence of integers greater than
unity and such that for a fixed l > 2, the sequence {cm}
.
m=1, where
cm=a
1/(l+2)m
m ,
is strictly monotone increasing for all but finitely many m. Then the series
;.m=1 1/am converges to a transcendental number.
Proof. By the above assumption one has that cm < cm+1 and am \ 2, for
m sufficiently large. Raising both sides of this inequality to the power
(l+2)m+1, we find upon rearrangement that
2 [ am <
am+1
al+1m
.
Thus the condition of Theorem 2.1 is satisfied. L
Corollary 3.3. Suppose {nk} is a strictly monotone increasing sequence
of positive integers such that for a fixed l > 2
lim inf
kQ.
(nk+1−(l+1) nk) > 0,
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then for any integer t \ 2 the series ;.k=1 t−nk converges to a transcendental
number.
Proof. For an integer t and a sequence {nk} define ak=tnk. Via the
assumption there exists a d > 0 such that nk+1−(l+1) nk \ d for k > N(d)
say. Hence, for all k > N(d), we have that
ak+1
al+1k
=tnk+1 −(l+1) nk \ td \ 2d > 1.
Consequently, the condition of Theorem 2.1 is again satisfied. L
As an illustration of Corollary 3.3 consider nk=22k. Then for a fixed
2 < l < 3 one has lim infkQ.(nk+1−(l+1) nk)=lim infkQ. 22k(3−l) > 0.
Thus for t=2 the series ;.k=1 2−2
2k
has a transcendental sum.
4. APPLICATIONS
In this section we shall demonstrate, via Theorem 2.1, the transcendence
of a family of series involving the generalised Fibonacci and Lucas
sequences, denoted by Un and Vn respectively. These sequences can be
defined as follows: Let (P, Q) be a relatively prime pair of integers such
that the roots a and b of x2−Px+Q=0 are distinct, thenUn, Vn are given by
Un=
an−bn
a−b
and Vn=an+bn.
It is well known that when the discriminant D=P2−4Q > 0 both {Un} and
{Vn} are increasing sequences of positive integers. In particular, for
(P, Q)=(1, −1) one has Un=Fn and Vn=Ln, where Fn and Ln are
the Fibonacci and Lucas numbers respectively. The irrationality of the
following series
C
.
n=1
1
Uf(n)
,
where f: NQN satisfies f(n+1) \ 2f(n), was proved by McDaniel in
[12]. This result however has been proved more generally by Badea in [2]
for sequences {xn} generated from a second order recurrence relation of the
form xn+1=axn+bxn−1 where x0=0, x1=1 and a, b are fixed positive
integers. In particular, it was shown that if n(k) is a positive integer
sequence such that n(k+1) \ 2n(k)−1 for k sufficiently large then
;.k=1 1/xn(k) is irrational. A similar result has been found in [4] were
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irrationality of the series ;.n=1 1/H(f(n)) was established for {H(k)} a
sequence of positive integers satisfying a homogeneous linear recurrence
relation and f( · ) an integer valued function such that f(n+1)−
2f(n)Q. as nQ. and f(n+1) \ f(n)2 for all sufficiently large n. It
should further be noted, that analogous irrationality results have also been
found in [9], for series whose terms are reciprocals of elements of an
integer sequence generated from a linear recurrence of order k \ 2.
However, the sufficiency conditions obtained there were of a more complex
nature than those described in above. To contrast these general results of
[2], [4] and [12] we now establish the transcendence of ;.n=1 1/Uf(n) and
;.n=1 1/Vf(n), where the index function f( · ) satisfies for a fixed l > 2 the
inequality f(n+1) \ (l+2) f(n).
Corollary 4.1. Let (P, Q) be a relatively prime pair of integers with
P > |Q+1| and Q ] 1 and {Un}, {Vn} the associated generalised Fibonacci
and Lucas sequences. If, for a fixed l > 2, the function f: NQN has the
property that f(n+1) \ (l+2) f(n), then the series ;.n=1 1/an converges to
a transcendental number, where an=Uf(n) or an=Vf(n).
Remark 4.1. We note that the restriction on Q is required as the
sequence{Un}will contain infinitelymany zero elementswhen (P, Q)=(1, 1).
Proof. In view of Theorem 2.1 it will suffice to demonstrate in either
case that an+1/a
l+1
n Q. as nQ.. Clearly, from definition a=(P+`D )/2
and b=(P−`D )/2 where D=P2−4Q. Now from assumption `D >
`(Q+1)2−4Q=|Q−1| > 1 and so
|b|=: P−`D
2
:= |2Q|
P+`D
<
|2Q|
|Q+1|+|Q−1|
=1,
noting here that the right hand equality holds for all Q ¥ R with |Q| \ 1.
Consequently, |a|=|Q|/|b| > |Q| \ 1 and |b/a| < 1. Now, in the case when
an=Uf(n) observe
an+1
al+1n
=af(n+1)−(l+1) f(n)
(1−(b/a)f(n+1))
(1−(b/a)f(n))l+1
(`D )l ’ af(n+1)−(l+1) f(n)(`D )l,
as nQ.. While in the latter case
an+1
al+1n
=af(n+1)−(l+1) f(n)
(1+(b/a)f(n+1))
(1+(b/a)f(n))l+1
’ af(n+1)−(l+1) f(n),
as nQ.. However as f(n+1)−(l+1) f(n) \ f(n) and a > 1 one has
af(n) Q. as nQ., hence the condition of Theorem 2.1 is satisfied. L
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In [1] Badea showed that ;.n=0 1/F2n=7−`5 /2 and so the series
sums to an irrational (but algebraic) number. By using Corollary 4.1 one
can now demonstrate the transcendence of a similar series formed by
replacing the index function 2n with 5n. Indeed when (P, Q)=(1, −1) one
obtains for l=3 and f(n+1)=5f(n), with f(1)=5, the transcendence of
both ;.n=1 1/F5n and ;.n=1 1/L5n. Badea also established the irrationality
of both ;.n=1 1/F2n+1 in [1] and ;.n=1 1/Ft2n (for t ¥N fixed) in [2],
although the latter result can be found in [10] and in [9] for the case of a
Lucas sequence. In connection with these results we can again use the pre-
vious corollary with f(n)=5n+1 and f(n)=t5n together with l=2.5 to
now deduce transcendence of the series ;.n=1 1/F5n+1 and ;.n=1 1/tF5n
together with ;.n=1 1/L5n and ;.n=1 1/Lt5n.
To conclude we shall examine yet another application of Theorem 2.1 in
generating alternate families of transcendental valued series. Mahler and
Mignotte in [11] and [13] independently proved the transcendence of the
series ;.n=1 1/n! F2n. Unfortunately this result cannot be obtained via
Theorem 2.1 since for any l > 2
lim inf
nQ.
(n+1)! F2n+1
(n! F2n)l+1
=0.
However, if we interchange the role of 2n and n! in the previous series one
can now prove via Theorem 2.1 the transcendence of ;.n=1 1/2nFn!. We
shall demonstrate this by first establishing the following general result.
Corollary 4.2. Let (P, Q) be a relatively prime pair of integers with
P > |Q+1| and Q ] 1 and {Un} and {Vn} the associated generalised
Fibonacci and Lucas sequences. If in addition m is any positive integer
greater than unity then the series ;.n=1 1/an converges to a transcendental
number, where an=mnUn! or an=mnVn!.
Proof. We note, as in the previous corollary, that for the ordered pairs
(P, Q) prescribed above, the roots a and b of 0=x2−Px+Q are such that
a > 1 and |b/a| < 1. It will again suffice in either case to demonstrate that
an+1/a
l+1
n Q. as nQ. where for convenience one can take l=3.
Considering first an=mnUn! observe that
an+1
a4n
=
m
m3n
an! (n−3)
1−(b/a) (n+1)!
(1−(b/a)n!)4
(`D )3 ’ m
m3n
an! (n−3)(`D )3
as nQ.. While in the latter case
an+1
a4n
=
m
m3n
an! (n−3)
1+(b/a) (n+1)!
(1+(b/a)n!)4
’
m
m3n
an! (n−3)
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as nQ.. Now as a > 1 one can find a finite p=min{s ¥N : a s \ m} and
so for n > 3
an! (n−3)
m3n
=
(ap)n! (n−3)/p
m3n
\
mn! (n−3)/p
m3n
=mn(((n−1)!(n−3)/p)−3) Q.
as nQ.. Thus the condition of Theorem 2.1 is satisfied. L
Consequently by setting (P, Q)=(1, −1) and m=2 in above we deduce
the transcendence of both ;.n=1 1/2nFn! and ;.n=1 1/2nLn!.
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